ABSTRACT: When a cardiac cell is rapidly paced it can exhibit a beatto-beat alternation in the action potential duration (APD) and the intracellular calcium transient. This dynamical instability at the cellular level has been shown to correlate with the genesis of cardiac arrhythmias and has motivated the application of nonlinear dynamics in cardiology. In this article, we review mathematical approaches to describe the underlying mechanisms for alternans using beat-to-beat iterated maps. We explain the development and properties of these maps, and show that they provide a fruitful framework to understand dynamical instabilities of voltage and calcium in paced cardiac cells.
INTRODUCTION
Ventricular fibrillation (VF) occurs when electrical waves in the heart breaks up into multiple wavelets. This breakup has been traditionally attributed to the presence of fixed anatomical and/or electrophysiological heterogeneities in the heart, such as the presence of an infraction or ischemic zone. However, recent experimental and theoretical studies have shown that the dynamical properties of cardiac cells can play an important role in promoting VF. 1, 2 In this case, it is argued that the onset and maintenance VF is dictated by the intrinsic dynamics of cardiac cells, such as the gating kinetics of ion channels. From this perspective, it is critical to explore the dynamical behavior of cardiac cells in order to fully understand the genesis and maintenance of VF.
The relationship between the dynamics of cardiac cells and arrhythmogenesis at the whole heart level has been studied extensively in the last decade. [1] [2] [3] [4] Much of this work has centered around the experimentally observed phenomenon of "alternans," 5, 6 where the action potential duration (APD) and calcium transient alternate from one beat to the next. Alternans occurs during rapid pacing or pathophysiological conditions, such as ischemia and heart failure. The observation of alternans in a clinical setting has been shown to correlate with sudden cardiac death. [7] [8] [9] [10] Alternans has also been studied theoretically as a period doubling instability of rapidly paced cardiac cells which can induce the break up of reentrant activity in the heart. 1,2 These studies and others have highlighted the intimate connection between nonlinear dynamics at the cellular level, and the genesis of cardiac arrhythmias in the heart.
In this article we give an overview of recent experimental and theoretical work on the nonlinear dynamical properties of paced cardiac cells. After reviewing the experimental literature on both calcium transient and APD alternans, we describe theoretical approaches to explain this phenomenon using iterated nonlinear maps and physiologically based ionic models. In particular, we describe recent work on the nonlinear dynamics of calcium cycling in paced cardiac cells, and the rich dynamical behavior that arises due to the bidirectional coupling between membrane voltage dynamics and intracellular calcium.
ALTERNANS IN CARDIAC MYOCYTES: EXPERIMENTAL OBSERVATIONS
APD alternans has been observed in a wide variety of cardiac cell types and experimental conditions (see Refs. 5 and 6 for comprehensive reviews of the experimental literature). Experimentally, APD alternans is typically observed during rapid pacing at fixed pacing frequency, as shown in FIGURE 1 A, so that beyond a critical pacing frequency the normally periodic response is replaced by a sequence of long and short APDs. If the rapid pacing frequency is held fixed, then this alternating pattern is maintained at steady state. This is in contrast to transient alternans which occurs for only several beats immediately after an abrupt change in pacing frequency. APD alternans has also been observed when a cardiac cell is paced after pharmacologic or other interventions. For example, application of tetracaine 11 and pyruvate 12 are known to induce alternans in cardiac cells. Also APD alternans has been observed at low pacing rates under ischemic conditions. 12 Fluorescence imaging of intracellular calcium reveals that the calcium transient can also alternate from beat to beat. 5, 13, 14 In this case, the peak of the calcium transient, which measures the amount of calcium released during one beat from the sarcoplasmic reticulum (SR) to the bulk myoplasm, typically alternates in a large-small-large sequence. Again, this pattern can be observed 16 (B) APD and calcium-transient alternans observed under current and AP clamp conditions in rabbit ventricular myocytes. 14 As shown, alternans in the calcium-transient was still observed when the membrane voltage was clamped using a periodic AP waveform.
at steady state, and also as a transient response to a change in pacing cycle length. Experimentalists have also recorded APD alternans simultaneously with calcium-transient alternans ( see FIG. 1 B) , or alternatively, cell contraction, which is known to be directly proportional to the peak of the calcium transient. In these measurements, alternans in the calcium transient (contraction) is always associated with alternans of APD. This is not surprising because intracellular calcium and membrane voltage are bidirectionally coupled via calcium-sensitive ion currents that regulate voltage. Moreover, the features of this bidirectional coupling are dependent on species and experimental conditions. For example, in rabbit heart ventricular cells, a large-small-large calcium transient is typically associated with a long-short-long APD 14 (electromechanically in-phase), while in cat atrial cells a large-small-large calcium corresponds to a short-long-short APD 12 (electromechanically out-of-phase). Both of these dynamical modes have been observed in a variety of species and experimental conditions, 5 revealing the underlying complexity of the system. In critical experiments, Chudin et al.
14 paced a rabbit ventricular cell under both current and AP clamp conditions. As shown in FIGURE 1 B, they found that under current clamp conditions, both the APD and the calcium transient alternated in-phase. However, when the AP was clamped using a periodic waveform, as shown in FIGURE 1 C, they found that calcium-transient alternans still occurred. This result demonstrated convincingly that calcium alternans, at least in the rabbit, can originate from a dynamical instability of calcium cycling, independently of APD alternans. Diaz et al. 15 paced rat ventricular myocytes using a square voltage clamp waveform and showed that they could induce a form of alternans in which every other beat was associated with a propagating intracellular calcium wave. Again, this result showed that alternans originated via a mechanism intrinsic to the calcium cycling machinery, and independently of the dynamics of membrane voltage.
ALTERNANS AND APD RESTITUTION
The first theoretical explanation of APD alternans is attributed to Nolasco and Dahlen 16 who pioneered a geometrical construction, equivalent to iterating a discrete map, to elucidate the mechanism of APD alternans. Their basic assumption was that the APD at any given beat was completely determined by the time spent at full repolarization at the previous beat, that is, the diastolic interval (DI). This assumption was motivated by the basic observation that changes in the APD always correlated with changes in DI, and the intuitive notion that the APD should depend on recovery processes which occur during the previous DI. The corresponding map that describes beat-to-beat changes of APD is given by
where APD n+1 is the APD measured for the n+1th beat, and DI n is the DI at the previous beat. This functional relationship is referred to as the restitution curve. Nolasco and Dahlen showed geometrically that if the cell is paced at a pacing period T = APD * +DI * , such that
where DI * denotes the steady state DI, then a beat-to-beat alternation of the APD would ensue. Thus, alternans would arise when the slope of the restitution curve is steep, and small changes in DI lead to large variations of APD during the ensuing beat. Later Guevarra et al. 17, 18 cast the Nolasco and Dahlen analysis in the mathematical language of nonlinear dynamics, and identified alternans as a period doubling bifurcation of the nonlinear mapping given by Equation 1 .
Beyond the discrete map approach, alternans can also be studied by modeling the dynamics of membrane voltage using the standard equation
where C m is the cell membrane capacitance, I ion is the current due to Na + , K + , Ca 2+ ions flowing across the membrane, and where I stim is a periodically applied stimulus current. Much work has been devoted to developing physiologically accurate models for I ion , by fitting the kinetic properties of measured ion currents and incorporating these formulations in Hodgkin-Huxley type ordinary differential equations (ODEs). [18] [19] [20] [21] [22] [23] [24] [25] Using this approach, alternans can be obtained during steady state pacing if the kinetics of ion currents are adjusted appropriately. For instance Qu et al. 26 used the first generation Luo-Rudy model 27 to show that alternans can be obtained at rapid rates when the time constant of the slow outward current was adjusted to steepen the APD restitution curve. Also, Karma 1, 28 analyzed alternans in a model of Purkinje cells due to Noble, 29 and showed that alternans onset was determined by the slope of the restitution curve. Finally, Fenton and Karma 30 obtained APD alternans at high rates using a simplified three-variable ionic model. In all these models the restitution relationship (Equation 1) computed using the ionic model was found to be correct. That is, the APD was essentially determined by the previous DI, and alternans were observed precisely when the slope of the restitution curve exceeded 1.
In an experimental setting, the APD restitution curve has traditionally been measured using the S1-S2 restitution protocol, where the cell is paced to steady state at a pacing interval S1, before applying an extrastimulus at a pacing interval S2, as illustrated in FIGURE 2 A. The APD of the S2 beat is then measured and graphed with respect to the previous DI. Several experimental studies have attempted to uncover the ionic mechanisms that regulate the APD restitution curve. An older study in mammalian myocardial fibers by Gettes and Reuter 31 showed that recovery from inactivation of the L-type calcium current was the dominant factor in dictating the shape of the APD restitution curve. More recently, Goldhaber et al. 32 showed in rabbit ventricular myocytes that the steepness of the restitution curve measured at physiological temperatures was strongly dependent on the time course of recovery of the L-type calcium current. Other studies [33] [34] [35] have also shown that incomplete deactivation of K + currents can substantially influence the shape of the APD restitution curve. A comprehensive analysis of ion currents in the ferret ventricular cells due to Janvier et al., 36 showed that the sodium-calcium exchange current (I NaCa ) and the fast outward K + current (I to ) were also critical in shaping the AP. Thus, in general a variety of ionic mechanisms contribute to the shape of the APD restitution curve.
The connection between alternans and the shape of the restitution curve has been investigated experimentally. Saitoh et al. 37 applied different doses of lidocaine to modulate the slope of the APD restitution curve in dog Purkinje muscle fibers. They found that the magnitude of APD alternans, measured after a change in cycle length, increased in proportion to the slope of the APD restitution curve. Further work by Riccio et al. 38 in the canine hearts showed that drugs which selectively flattened the APD restitution curve, such as procainamide and verapamil, abolished alternans. These results showed convincingly that the restitution slope has a major influence on the dynamics of alternans.
LIMITATIONS OF THE RESTITUTION HYPOTHESIS
The APD restitution relationship is an essential tool to understand the dynamics of alternans in paced cardiac cells. However, in many experiments, Equation 2 does not hold precisely. That is, the restitution relationship does not always predict the precise onset of alternans. For example Hall et al. 39 found that alternans was absent even though the slope of the APD restitution curve significantly exceeded 1. Also, in a comprehensive study, Dilly and Lab 40 found that during ischemia, alternans was observed even though the restitution slope was significantly less than 1. More recent work in the guinea pig heart 41 showed that the onset of alternans in the epicardium did not correlate with regions where the APD restitution curve was the steepest. These results indicate that in many cases the APD restitution curve may not give a complete quantitative description of alternans dynamics.
A major shortcoming of the APD restitution relationship is that it assumes that the APD is dependent only on the previous DI. Or rather, in the language of ion current kinetics, that the ionic recovery processes that occur during the DI completely determine the ensuing APD. However, this picture is clearly over simplified. First, ionic recovery processes that occur during times before the previous DI may also influence, to some degree, the APD at a later beat.
Second, the ionic concentrations in the cell can accumulate as a function of pacing rate via the dynamics of the various ion pumps and exchangers which determine the steady state properties. This ion accumulation can occur over many beats and is distinct from gating kinetics which typically have a much shorter time scale. A direct consequence of these factors is that the APD is likely to depend on the pacing history of the cell, an effect referred to in the literature as "cardiac memory" or "APD accommodation." [42] [43] [44] In the experimental setting, this effect is manifested in the fact that the APD restitution curve can only be defined once the pacing history of the cell has been specified. For instance, a dynamic APD restitution curve can also be defined, 38 where the cell is paced to steady state at a fixed pacing interval, and the steady state APD and DI are recorded. A sequence of pacing intervals are scanned and the steady state APDs are then graphed with respect to the steady state DIs. Note that if the restitution relationship given in Equation 1 holds exactly, then the curve measured using the dynamic and S1-S2 protocols should be the same. However, in general these curves can be quite different. For example, Elharrar and Surawicz 45 found that the S1-S2 restitution curve in dog cardiac fibers depended critically on the S1 interval chosen, and was significantly steeper than the dynamic restitution curve at small DIs, while much shallower at larger DIs. On the other hand, measurements in the canine ventricle 38 showed that the S1-S2 restitution was significantly flatter than the dynamic restitution curve. These authors also found that alternans were observed in these hearts when the dynamic restitution slope was greater than 1, while the S1-S2 restitution slope was less than 1. These results suggest that in the canine ventricle the dynamic restitution curve is more predictive of alternans.
In order to model the effect of memory, Tolkacheva et al. 46 have attempted to generalize the restitution relationship in order to obtain a more accurate determinant of the onset of alternans. As a starting point they replaced the restitution relationship given in Equation 1 with
so that the APD depends on both the previous DI and APD. Given this map, they showed that indeed the slope of the dynamic restitution curve (S dyn ) was not the same as the S1-S2 restitution slope (S S1S2 ), and also that the onset of alternans was instead given by the condition,
Given this relation, it is easy to see that simply measuring S S1S2 or S dyn alone is not enough to determine the onset of alternans. These authors have also considered more general relationships 47 of the form
and have developed a hierarchy of restitution protocols which can be used to more precisely predict the onset of alternans. However, experimental validation of these results has not yet been achieved. These, and other results, 43, 44 show that further work is required in order to construct more quantitative discrete maps which can be used to more accurately predict alternans dynamics.
CALCIUM CYCLING AND ALTERNANS
The experimental and theoretical studies mentioned above suggest that the APD restitution relationship given by Equation 1 is too restrictive and that memory effects have to be taken into account for a more complete description of alternans. However, these modifications are still made under the assumption that the APD is completely determined by the history of the membrane voltage of the cell. However, this basic assumption will not be true if voltage is coupled to dynamical processes inside the cell which have their own intrinsic dynamics. This possibility is borne out in the experiments of Chudin et al.
14 who showed that calcium-transient alternans can be observed even though the cell was paced with a periodic voltage clamp. Hence, in order to completely understand the dynamics of alternans in cardiac cells it is crucial to understand the nonlinear dynamics of calcium cycling.
During an AP, calcium is released from intracellular stores and signals cell contraction. 48, 49 Several mathematical models have been proposed to describe the dynamics of calcium cycling. 21 ,22,50-52 However, a fundamental difficulty, often overlooked in modeling studies, is that calcium release is a local process which occurs within several thousand submicron scale junctions distributed throughout the volume of the cell. Within these junctions, localized clusters of calcium release channels called ryanodine receptors (RyR), which gate the flow of calcium from intracellular stores into the cytoplasm, open in response to calcium entry via L-type calcium channels on the surface cell membrane. 48 Signaling within these junctions occurs via a calcium-induced calcium-release (CICR) process which endows the calcium system with a rich dynamical behavior ( see FIG. 3 for an illustration of the calcium cycling system). In a classic theoretical study, Stern 53 pointed out that basic features of excitation-contraction (EC) coupling in cardiac cells, such as the roughly linear relation between calcium entry and release, cannot be explained without explicitly accounting for the local nature of calcium signaling in the cell.
In order to resolve these difficulties Shiferaw et al. 52 introduced a phenomenological model of calcium cycling which explicitly accounted for the local nature of calcium release. Using this model, calcium-transient alternans could be induced at rapid pacing rates when the cell was paced with a periodic AP clamp. A mathematical reduction of the ODEs describing calcium cycling revealed that close to the periodic fixed point the beat-to-beat dynamics could During calcium cycling calcium is released from the SR into the myoplasm, and then gets pumped back in to the SR via uptake pumps. Calcium release is triggered by the L-type calcium current via a CICR mechanism. Coupling between membrane voltage and intracellular calcium cycling is mediated by the L-type calcium current and the electrogenic sodium-calcium exchange current.
be reduced to a discrete mapping of calcium concentration variables in the SR and the myoplasm. This discrete mapping can be expressed as
where c n myo and c n SR are the calcium concentration in the myoplasm and SR at the beginning of beat n (see FIG. 6 A for illustration of variables), R n is the total amount of calcium released from the SR to the myoplasm during beat n, where U n is the net amount of calcium pumped back into the SR during this beat (i.e., SR uptake less SR leak), and finally where n denotes the net calcium influx across the sarcolemma. Here, R n , U n , and n are functions of c n SR and c n myo , which can be explicitly computed from the ionic currents in the cell that participate in calcium cycling. Using this two-dimensional nonlinear mapping, which can be further reduced to one dimension by assuming that the total number of calcium ions in the cell is essentially constant from beat to beat, it is straightforward to show that calcium cycling is unstable to alternans when
where G n = R n − U n . This relation reveals that calcium alternans can arise if the function G varies sufficiently steeply with respect to the SR load and/or the diastolic calcium concentration in the cell. In this sense, the function G n A recent experimental study due to Diaz et al. 15 in the rat ventricular cells measured the SR calcium release as a function of the initial SR load. As shown in FIGURE 4 A and 4 B, which is reproduced from that study, they found that when the cell was paced using a square AP clamp, alternans were observed at high SR loads where the calcium released from the SR depended steeply on the SR load. Similarly, Shiferaw et al. 52 were able to induce alternans in their model by steepening the dependence of calcium release on SR calcium load, as shown in FIGURE 4 C and 4 D. Hence, as predicted by Equation 9 , alternans can be induced by letting the calcium release process depend sensitively on the calcium concentration inside the SR. A possible explanation for this steep dependence is that normally localized calcium release events may stimulate neighboring release units when the SR approaches a calcium overloaded state. This property will endow the release process with a nonlinear dependence of release on SR load which may drive alternans. A further analysis of the discrete mapping 52 revealed that the beat-to-beat dynamics can undergo even more complex dynamics, such as period 4, period 8, and chaotic dynamics if calcium released from the SR varied substantially with respect to the calcium concentration variables. These kinds of higher order periodicities have been frequently observed in paced cardiac cells, 43, 44, 54 and may be manifestations of chaotic properties of calcium cycling.
VOLTAGE AND CALCIUM DYNAMICS: TWO COUPLED NONLINEAR SYSTEMS
In the discussion so far, we have considered the nonlinear dynamics of membrane voltage independently of calcium cycling, and also of calcium cycling when driven with a clamped AP waveform. In general a complete understanding of alternans in cardiac myocytes will involve the coupled dynamics of both of these nonlinear systems. The dynamics of this coupled system is complex because it involves the interaction of ion channel kinetics which regulate the APD, and calcium fluxes which participate in the calcium cycling process. In this setting alternans can be induced via two independent mechanisms: (a) a steep dependence of APD on DI due to ionic recovery processes, that is, APD restitution, and (b) a steep calcium concentration dependence of calcium release and/or uptake between the SR and the myoplasm. Once alternans ensues by either of these mechanisms, both the APD and the calcium transient will alternate from beat to beat, because membrane voltage is bidirectionally coupled to intracellular calcium. Thus, in general it is difficult to pinpoint the underlying mechanism for alternans, especially in an experimental setting.
The essential feature of the system, which turns out to critically influence the coupled dynamics, is the precise nature of the bidirectional coupling between voltage and calcium. This coupling is mediated by calcium-sensitive ion currents, such as the L-type calcium current and the sodium-calcium exchange current ( see FIG. 3 ), which mediate calcium cycling while also providing a substantial ionic flux across the cell membrane. Shiferaw et al. 55 identified several essential features of the bidirectional coupling which are critical to understanding the dynamics of the system. These are:
1. Graded release coupling: This involves the effect of the voltage waveform on the amount of calcium released from the SR, as illustrated in FIGURE 5 A. It is determined by the well-established phenomenon of graded SR calcium release, 48, 56 where the amount of SR calcium released is graded with respect to the whole cell L-type calcium current. The availability of the L-type calcium current at a given beat depends critically on the previous DI, with larger DI giving more time for recovery of L-type calcium channels at the resting membrane potential. Thus, graded release requires that the peak of the calcium transient increases in response to an increase of DI in the previous beat.
2. Ca →V coupling: The coupling of the calcium transient on the APD, is illustrated in FIGURE 5 B. There are two parameter regimes which lead to distinct dynamical behaviors. The first, referred to as positive Ca →V coupling, corresponds to the case when a large peak calcium transient lengthens the APD of that beat. The second, referred to as negative Ca →V coupling, corresponds to the case when a large calcium transient shortens the APD. The sign of the coupling is dictated by the relative contributions of the L-type calcium current and the sodium-calcium exchange current to APD. A larger calcium transient tends to inactivate the whole cell L-type calcium current more rapidly via calcium-induced inactivation, which tends to shorten the APD. However, a large calcium transient also increases inward current from electrogenic sodium-calcium exchange, which tends to prolong APD.
Shiferaw et al. 55 studied the coupled dynamics of the system using a physiologically based ionic model due to Fox et al. 21 which was coupled to the calcium cycling model described earlier. Using this model alternans could be induced by either steepening the dependence of calcium release on SR load, or alternatively, by increasing the time constant of recovery of the L-type calcium current to steepen the dependence of APD on DI. Shiferaw et al. 55 found that the dynamics of voltage and calcium alternans depended critically on both the underlying dynamical instability, and also on the sign of the Ca →V coupling. For positive Ca →V coupling calcium transient and APD alternans were always electromechanically in-phase, that is, a large-small-large calcium transient corresponds to long-short-long APD sequence. However, for negative Ca →V coupling, a much richer dynamical behavior was observed. In this case, if alternans is induced by unstable calcium cycling, then calcium and APD alternans are electromechanically out-of-phase, that is, a large-smalllarge calcium transient corresponds to a short-long-short APD sequence. On the other hand, if alternans is due to steep APD restitution, then calciumtransient alternans was in-phase with APD alternans. When both subsystems were unstable, both the calcium transient and APD exhibited quasi-periodic oscillations. Interestingly, the later dynamical mode has been observed experimentally in paced Purkinje fibers 43, 44 and more recently in tissue cultures. 57 In order to understand the qualitative nature of the coupled nonlinear dynamics, Shiferaw et al. 55 reduced their complex ionic model to a set of discrete maps that described the beat-to-beat evolution of voltage and calcium. The motivation was to integrate the classic restitution relationship given in Equation 1, with the nonlinear maps for calcium cycling given by Equations 7 and 8. In this case the beat-to-beat mapping of both calcium and APD can be described by a three-variable mapping of the form
(10)
Here, the first equation is simply a modification of the standard APD restitution relationship which includes the dependence of the APD on the diastolic calcium concentration c n myo , and the SR calcium load c n SR , as illustrated in FIGURE 6 A. Close to the onset of alternans, the total amount of calcium in the cell is roughly the same from beat to beat, so that the three-variable map can be reduced to a two-variable map. The condition for alternans can then be analyzed by computing the eigenvalues of the resulting two-dimensional discrete map. The condition for alternans is then given by the condition 1
where 
and where C is positive/negative depending on whether the Ca →V coupling is positive/negative. Here v is simply the standard restitution slope, while c measures the degree of instability of calcium cycling. For the case when voltage and calcium are uncoupled (C = 0), then Equation 11 simply reduces to Equation 2 and 9, found earlier by analyzing each system independently. In FIGURE 6 B, we plot Equation 11 to show the boundary separating stable periodic dynamics and unstable alternans or quasiperiodic dynamics. Now, when both systems are positively coupled (C > 0), the stability boundary is given by the dashed line. Here, we see that the domain of stability shrinks for positive coupling, showing that the coupled system is more unstable than its constituents, that is, APD alternans enhance calcium alternans and vice versa. On the other hand, when the coupling between calcium on voltage is negative (C < 0), then the stability boundary expands, so that the coupled system becomes more stable. In other words alternans in APD tends to stabilize calcium-transient alternans, and vice versa. Moreover, as seen in the ionic model simulations the fixed point can loose stability to electromechanically in-phase, out-of phase, and also a quasi-periodic dynamical mode. The generalization of the standard APD restitution relationship to include calcium cycling, as given by the three-variable map in Equation 10, serves as a framework to interpret the rich set of dynamical behavior observed experimentally. The advantage of the map analysis is that it allows to interpret experiments in terms of three critical parameters: the APD restitution slope, the degree of instability of calcium cycling as measured by the concentration dependence of the release and uptake from the SR, and the sign of the calcium on voltage coupling. Remarkably, all three dynamical modes predicted by the model have been observed experimentally in different cell types and pharmacologic conditions, 5, 6, 43, 44 and also in tissue cultures. 57 However, up to now these observations have not been explained within a general framework. It is interesting to speculate that perhaps these different cell types and pharmacologic interventions simply correspond to different points in the phase diagram shown in FIGURE 6 B.
SUMMARY
In this article we have reviewed the various mathematical approaches that have been applied to understand the nonlinear dynamics of paced cardiac cells. In particular, we have described the various theoretical approaches to describe alternans using discrete beat-to-beat maps. The main advantage of this approach is that it makes it possible to reduce the complex dynamics of a paced cardiac cell to basic nonlinear relationships between experimentally measured quantities. Hence, this approach can help shed light on the key physiological mechanisms that underlie alternans, and help suggest experiments to uncover these mechanisms.
